We worked out the dielectric constants of "0 and " of the alkali-halide crysral on the basis of the quantum theory of solids. We have used the variational method of Slater and Kirkwood in our energy-calculations and adopted Landshoff's method for evaluating the exchange integrals among the non-orthogonal wave functions. The relation among the vatious theories, due to Shockley, Mott and Frohlich, of the dielectric constant of ionic crystal have been clarified from the viewpoint of our theory. The numerical results for LiF are in good accordance with the experiment. § 1. Introduction l )
Many of the characteristic properties of polar crystals, i.e., the behaviour of the conduction electrons or the existence of defects in the lattice will, after all, sensitively depend on the dielectric properties of the crystal. So we see it is essentially required to elucidate the dielectric properties of the mentioned crystals in detail on the basis of the quantum theory of solids, since the available theories of dielectric properties are usually based on the rather phenomenological considerations. As a preliminary to the general formulation of the theory we shall here work quantum-mechanically the simplest case of the dielectric constant of ionic crystals in the homogeneous external fields of both high frequency and static natures.
As is well-known in the classical theory, the relation between the polarizability (a) of an ion pair and the dielectric constant (xo) for high frequency field is represented by one or the other of the following two formulae according to the assumptions of the effective field I!',tI' around each ion of the crystal. Namely, we have (the Drude formula) . . . . . . . . . ( 1 ) and (the Lorentz-Lorenz formula) (2) where N is the number of ion pairs per unit volume. These formulae are well-recognized to depend on the field that is assumed to be effective in polarizing each ion. Let us denote by P the polarization of the medium and by F the external electric field, then one of the assumptions, (3) leads to the Drucie formula ( 1) , and the other one
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The justification of the assumption (4) has been given by Lorentz and Fowler, using the simplified model of point-dipole lattice, in which the field at anyone lattice point due to all the other dipoles within the crystal may be evaluated. As far as the above mentioned model of crystal is used, the Lorentz-Lorenz formula is~ shown to be valid for the lattice of any cubic structure. Recently, Mott has developed the theory of the dielectric constant on the basis of Born's lattice dynamics together with the detailed discussions of the observed values of alkali-halides. According to him the Drude formula has been shown to give a better agreement with the observation compared with the Lorentz-Lorenz formula. Furthermore, he pointed out that the assumption of the point dipole is by no means guaranteed for the contribution of the nearest neighbouring ions to the effective field, because the ion clouds are somewhat overlapping with each other in the actual cases. Taking account of these circumstances, Mott proposed that the effective field is given by the modified formula
where r i1;l the numerical factor less than unity. As one is not able to derive the value of r within the frame of the Mott's theory, the value of r has to be determined to obtain a best fitting with the observed value of dielectric constant, according to which r has been shown to become almost zero in alkali-halides.
According to Shockley, on the other hand the Lorentz formula may still provide correctly the observed value of Xo for many ionic crystals, if the polarizability of each ion is given a suitable value. In view of the unsettled situations regarding the effective field within the crystal, we shall attempt here to work the problem" in question on the sound basis of the quantum theory of solids. § 2 The method of computation Now we show our method of computation of the dielectric constants for the cases of LiF and MgO. We may be allowed to assume tentatively that these substances are almost purely ionic crystals in working the dielectric properties. As is well-known, we have the relation between the dielectric constant x (or x o ) and the energy change £1E under the influence of a homogeneous external field .li' (6) and x-l= 4nNX· (7) In order to compute the energy change dE, we have now two methods of treatm.ent, one is the usual 2nd order perturbation method and the other the variational one, the latter of which has been used by Hasse 2 ) or Slater and Kirkwood 3 ) for calculating the polarizability of He atom. We shall here make use of the method of Slater and Kirkwood to calculate the total energy of the crystal with the external field. Now the total energy of the crystal without the application of an external field consists of three parts: (8) where Eo is the energy of the positive and negative i~ns in free state, .h~ the electrostatic mutual interaction energy among them and E2 the exchange energy between the ions. In the previous papers 4 ) 5) we have actually calculated the total crystal energies for both LiF and MgO, and then determined the available forms of wave functions of negative ions by the variational method. When the external electric field Ii' is existing, the total crystal energy changes by dE, which also consists of three parts corresponding to eq. (8) (9) where .lEo is the energy change of the positive and negative IOns in free state, dEl the change of the electrostatic interaction energy and dE2 the change of the exchange energy respectively under the influence of the external field. According to Slater and Kirkwood we shall assume the wave function for 2p-electron of F-ion as follows 4 ): 
Here the normalization constant A is different from that of the )lnperturbed wave function A o , the relation between both constants being (12) For 2p-functions of 0--ion we shall assume the similar form as (10) with a little different radial part. 5 ) per) =A{ exp(-2.9r) + 0.15 exp( -1.1r)} r. Now we shall treat below the static case and the high frequency case separately. § 3. High frequency field
In this case a polarization of the medium is only due to the polarization of the ions, that is to say, a distortion of their electronic charge distributions. If we take the wave function as eq. (10), &h~ has been given already by Kirkwood as follows:
where the first term gives the energy contribution from the external field F and the second term the change of the kinetic energy due to a distortion of ion. In the present case, however, ions are imbedded in the crystal, so the energy due to the mutual interaction of distorted dipoles has to be added. This energy is according to Fowler (15) where a IS the interionic distance, 2a 3 the volume of the unit cell and the upper limit of integral being a to allow for the ions imbedded within crystal. Summing these terms we get the energy change &E~ corresponding to the point dipole approximation of Fowler. Namely it follows (17) When· we, however, take accout of the fact that the neighbouring ions overlap to an appreciable extent, eq. (17) has to be modified by additional terms of JEl and JE2 in (9). First of all, we shall compute the Coulomb interaction between a F-ion situated at a lattice point and one of the twelve nearest neighbouring F-ions. When we use the wave function ( 1 0 ) the Coulomb energy consists of the three terms, each of which containing zero, one and two powers of A. respectively. The zero order terms consist of Coulomb interaction among the point charge and its correction terms, which are important for computing the cohesive energy of the crystal but now are dropped off in our problem. The first order terms are cancelled out because of the crystal symmetry in cubic crystals. The second order terms consist of two terms; one is the Coulomb repulsion term of (18) instead of (e 2 / -v2a) , owing to the change of normalization constant A in (12), and the other one is 
lZ _ cos e with sin 19 cos rp respectively in the above equations, where the origin of the polar coordinates r, (J, ¢ is situated at a central ion and R, e, rp at a neighbouring ion, rlb and r2a are the distance of the electrons from nucleus band a respectively, and r12 the mutual distance of two electrons. After simple calculation, the first and second terms in (19) become,
.
Z(l and the first and second parts involved in the third term of (19) become
where :y2=R 2 , the correction terms are given by definite integrals ranging from Za to co.
The value of such correction terms is estimated to be so small that we are allowed to neglect them in the following computations. In a similar way we may calculate the corresponding terms in the fourth term of (19 The algebraic function in the integrand is so lengthy that we are compelled to compute by numerical integration. Here we neglect the deformation of Li + ion for the reason mentioned above.
Next we shall compute the change of the exchange energy between p-. and Li + ion caused by the deformation of ZjJ-wave function of the former. In accordance with the method of Landshoff/ l the integral CLl named by him, takes the followingfor m in our case,
This integral also consists of the terms, each containing zero, one and two powers of A respectively. The zero order term is important for the cohesive energy, which is dropped off in our problem. The first order terms are cancelled out by crystal symmetry, when allowing for the contributions from six nearest neighbours. The second order terms are computed by the method similar to the zero order term, but the former is less accurate than the latter, due to the larger overlapping of the wave functions. We may also compute the integral BL in Landshoff theory in the similar way. Next we have to compute the change of the exchange energy between P -ion and P-ion. The method is quite similar to the above. Thus we get all the co!rection terms, denoted by A; '2 
The numerical results for LiF and MgO, using the atomic unit, shall be presented in the following. (1) Our calculated value is larger than the -observed value by about 509.0, which may be caused mainly by the inaccuracy of our unperturbed wave function (13). On determining this wave function by the variational method, we have neglected the interaction energy between the 0---ion and its next-nearest twelve 0--ions, which neglection may perhaps result in the rather large spreading of the charge distribution of 0--ion. Actually we obtained the calculated value of -24.7 x 10-6 for diamagnetic susceptibility of MgO crystal, while the observed one is of only -18.8 x 10-G , which fact seems to justify the above consideration.
Now we see, from eq. (30) and eq. (31), that the energy contribution from the Lorentz factor is almost cancelled out by the energy contribution resulting from the change of the exchange and dipole interaction energies. Although we may not give a precise classical interpretation to the energy caused mainly by exchange interaction, we may be allowed to interpret it phenomenologically as follows. At first we may suppose the Lorentz equation is valid within the crystal, but the polarizability of the negative ion is reduced to (4;::2)2/2 (3 + A) in the crystal instead of ( 4r2) /6 in free state. In practice we may choose a suitable value for polarizability of each ion in the crystal so as to give a correct value of the dielectric constant; such phenomenological treatment has been performed by Shockley. 7) Alternatively we may think the polarizability of the ions in a free state remains unchanged within the crystal but the Lorentz equation is no more valid within the crystal on account of the contribution from the Lorentz factor being almost cancelled out by A).2. Such viewpoint corresponds to Mott's eq. (5). § 5. Static case Let us consider here a crystal in equilibrium under the influence of a static field F.
In equilibrium the positive and negative ions will displace by the amount of ± x from their mean positions, and let the dipoles induced on the negative ions be 4Y 2 e).. Now we shall consider the case of LiF crystal, in which -the polarizability of the positive ions will be neglected. When the crystal is polarized, we may imagine that the negative ions remain in their original positions, while the positives are displaced a distance 2x. Then energy change of a ion-pair is as follows:
(1) the energy due to the ionic displacement 10 the external field:
the mutual interaction energy of the dipoles with moment 2ex:
(3) the deformation energy of the ion-core of a negative ion in the external field:
(34) (4) the mutual interaction energy of the dipoles with moment 4r2e,{:
(5) the mutual interaction energy between a dipole of 2ex and a dipole of 4r 2 eA:
Summing them and differentiating by 2x or A, we obtain for the effective field,
( 6) Next we have to find the repulsive energy, from which the restoring force on each ion is derived. If the repulsive potential is assumed to be effective only among the nearest neighbouring ions and be expressed by
we obtain the repulsive energy of the following form
where aM IS the Madelung constant. Using the compressibility f1 which satisfies
we may determine jJ in (39) empirically through the following relation jJ= 12alf1· (41) 
The agreement is quite good, as far as the approximate nature of our method is taken into account.
As far as our approximate calculation concerns, the polarization energy due to the deformation of the ion-core (35) In the case of LiF we have seen r "" 0 and r' "" 0:
The meaning of Mott's equation (5) corresponds to the second interpretation. We, however, should like to point out that these interpretations are rather phenomenological, because the terms A).2 and B:d.. are mainly due to the exchange energy. § 8. The effective charge
As seen above, when the ions are displaced in static field, the apparent restoring force is added to the usual one so as to hinder the deformation of the ion-core. When we may interpret this fact as the apparent decrease of polarizability of each ion, it will be misleading to separate the total polarization p into the ionic polarization Pi and the electronic polarization P., P e taking the same value as that of optical case. Recently Frohlich~) has worked out this problem phenomenologically, separating P as P=PO+P,r instead of P=Pe+P,. where Po is the optical polarization and P ir is the infra-red polarization due in part to the redistribution of electron which results directly from the change in position of the ions. Then he has put (48) using the effective charge e* for the true charge e and determined e* from a set of the experimental values.
Let us here derive e* from our theory. From the relations P=Po+P,r=Pe+P, and Pir=e*P" we obtain Po=p.+ (l-e*)Pi .
On the other hand, we have rhe relation 
Inserting the values of A, X and (J. into (51), we have for the value of e*: e* =0.76, which value is in good accordance ~ith the Frohlich's value of e*=0.83.
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